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■ Abstract 

-4— > ■ 

^ ' Considered herein are the family of nonlinear equations with both dispersive and dissipa- 

tive homogeneous terms appended. Solutions of these equations that start with finite energia 
decay to zero as time goes to infinity. We present an asymptotic form which renders explicit 
the influence of the dissipative, dispersive and nonlinear effect in this decay. We obtain the 
^ I second term in the asymptotic expansion, as time goes to infinity, of the solutions of this 

\l ■ equations and the complete asymptotic expansion, as time goes to infinity, of the linearized 

I equations. 

m 
o 

^ ; 1 Introduction 

^ ■ This paper is intended to study the asymptotic expansion of solutions of one family of nonlinear, 

^ I dispersive equations under the effect of dissipation. Our model equation takes the form 

X ; .^^s ( ut + Mut + Mu + u^+{u'^)^ = 0, xeM, t>0; 

■ ' 1 u{x,0) = no(x), 

where M is defined as Fourier multiplier homogeneus operator by 

(1.2) M?(0 = ier/(e), f&H^im) m>i, 

The circumflexes connote Fourier transform, and subscripts denote partial differentiation. When 
equations of the class (|1.1|) arise as models of phisical phenomena u = u{x, t) represents the 
displacement of the medium of propagation from its equilibrium position and is a real-valued 
function of two real variables: x (called the spatial variable) is proportional to distance in the 
direction of propagation and t > is proportional to time. 

In this paper, u'^ schould be interpreted either as \uy or u. We shall assume that 

q > m > 2. All physical constant which may appear in (|1.1() are put to be equal to 1, for 
simplicity. 
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Equations of the form arise when dissipation, dispersion, and the effect of nonUnearity 
are appended to the transport equation ut + Ux for the unidirectional wave propagation. The 
damping is represented here by Mu. When Mu = 0, this models arise in a wide variety of 
circunstances (see Biler I7|, Benjamin El IS] j Bona fTOj Abdelouhab et al P ). The 
particular class in which the nonlinearity is a monomial, the dispersive and dissipative terms are 
homogeneus, provides perhaps the simplest class of model in which to study the three effects. 
The equation is a more simple model of a general case than were studied by V. Bisognin 
and G. Perla in (9|, decay rates of the solutions in ]LP{]R) spaces, 2 < p < oo, were obtained. 

In the case m = 2, i.e. when Mu = —Uxx, then the equation is the well-known 

generalized Benjamin Bona Mahony Burger equation: 

Ut - Uxxt - Uxx +Ux + {u'^)x =0, X £ M, t>0, 

this model appear when one attempt to describe the propagation of small-amplitude long waves 
in nonlinear dispersive media taking into account dissipative mechanisms. For solutions of this 
equations G. Karch obtain in |2S| the first an second terms of the asymptotic expansion, when 
f — > oo, of both linearized equation and nonlinear equation. 

In 127], we obtain the complete asymptotic expansion of solutions the linearized equation 
(the n-dimensional case), and compute the second term in the asymptotic expansion in the 
two-dimensional case, with quadratic nonlinear term. 

When m = 4 the equation takes the form 

Ut + Uxxxxt + Uxxxx + Ux + iu'^)x = 0, X £ M, t > 0, 

this is the Roseneau equation, with the term Uxxxx associated with dissipative phenomena. The 
Cauchy problem for this equation were solved by M. Park in [201 ■ ^^^e asymptotic expansion of 
solutions, when t — > oo, is a consequence of our results. 

For the well-posedness of the initial- value problem 1)1.1(1 . we refer to Bisognin and Perla 
It is sufficient to know for the purpose of this paper that it is always possible to construct global 
in time solutions for any initial data uq S W'^'^{1R) provided either ||'Uo||vi/2,i(j^) is small or some 
restriction on q are imposed. In the Section 6, we put this problem more carefully. 

This paper is organized as follows. In the next Section we state and discuss main results 
concerning to the equation (|1.1|) . In Section 3 we prove preliminary result of the complete 
asymptotic expansion of solutions to the equation of type Hl.l|) linearized, we will use essentially 
the Taylor Theorem, the Plancherel equality, and the complete asymptotic expansion for heat 
equation of generalized type. In section 4, we prove the complete asymptotic expansion of the 
linearized equation (|1.1|) using essentially, some properties of the Bessel Potential of order /?, Kj3. 
Section 5 contains a result on the complete asymptotic expansion of generalized type KdV-B 



2 



linear equation where the same techniques apply. For completeness of the exposition, the global- 
in-time solutions to are constructed in Section 6. In Section 7 we calculate the second term 
in the asymptotic expansion, when t — > cxd, of the solution to the nonlinear equation The 
proof bases on the same ideas as those in G. Karch |23j . 

Notation. The notation to be used is standard. For 1 < p < oo, the iLP(iR)-norm of a 

Lebesgue measurable real- valued functions defined on iR" is denoted by ||/||p. The Fourier 

transform of u is given by J-u{^) = u{^) = Jjp^ e~^^'^u{x)dx. If m G iR we denote by H"^{1R) the 

Sobolev space of order m as the completion of the Schwartz space S{]R) respect to the norm 

/ \ 1/2 

\\u\\h^- = I + \C\^)"'mO\^dn . For simplicity, we write / = fj^. The letter C wiU 

denote generic positive constants, which do not depend on n, x and t, but may vary from line 

to line during computations. 

2 Main result 

In order to eliminate the convective term of order one in the equation we define the 

traslated function v{x,t) = u{x — t,t). Then u solves if and only if v solves 

vt + Mvt + Mv + Mv^ + {yi)^ = 0, in iRx(0,oo); 

v{x,0) = uo{x) in M. 

We now study the asymptotic development of the solution of equation (|2.3I) . 

The first goal of this paper is to analize the linear equation 

vt + Mvt + Mv + Mvx = 0, X G iR, t > 0; 
z;(x,0) = uq{x), 

and to obtain the asymptotic expansion of solutions, complete when m is an integer and until 
the second term when m is not integer respectively. 

For the heat equation ut — An = in iR", this was done by J. Duoandixoetxea and E. Zuazua 
in El- Indeed, it was shown that if n(x, t) = {G{t) * uq)[x) is the solution of the heat equation 
whit initial data uq € E^{]R"') and G{x,t) = (47rt)~2"e~~ (G is called the heat kernel), with 
uq G E^{1 + |x|'') such that \x\^+'^uo{x) G ]LP{W), 1 < p < q < oo, then 



(2.3) 



(2.4) 



(2.5) 



G{t)*uo- ^^7^( / x"uo(x)dx )D"G(t) 



a! 



< cr^^^"5^p~i) II ixi'^+^Mollp, 



\a\<k 

for ah t>0. 

This shows that, for the solutions of the heat equation, a complete asymptotic expansion may be 
obtained by means of the moments of the initial data and using the derivatives of the Gaussian 
heat kernel as reference profiles. 

In this work we show that for the solution of the linearized equation (|2.4() , besides the terms 

k 



^o^^(^ ^"^o(x)dx)5°G^(t) 
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which correspond to the asymptotic expansion of the generahzed hnear heat equation 



vt-Mv = 0, 

whit initial data vq G K}{IR) and where Gm{x,t) = (l/(27r)) J^j e*^'^~*l^l'"(i^, other terms due to 
the dispersive effects appear in its asymptotic expansion. 

We shah denote by S{t)vQ the solution to the equation H2.4|) . the function is defined through 
its Fourier transform K^iO = 1/(1 + ICP)) and = Km * Km * ■■■ * Km- 



Denoted 

Ma{vo) 

The following Theorems holds: 



J— veces 



(-1) 



x"vo{x)dx I , 



Theorem 2.1 Let N £ IN and m G Z+. Then there exist a constant C = C{N) > such that 



N 



S{t)vo -^Ma{vo)d^Gm(.t) -Y^-Y,- ^ MMid^M)' M^^ d^Gm{t) 



a=0 



r\ — ' 7. 

r=0 j=0 0<a<N-r-mj 
{ni)7^{0,0) 



< C 



■ N ._JL 

m 



JV+1 ]_ 



=0 



Af+1 



II " + i ^ V^lli ir II -ill II 

fo||^ + i 2m 2^ |||x| tiolli + e Mro||2 



r=l 



N 



r=0 ■ ^ ^i=0 



Ifl 



for all vo G ^^(iR) n E^{1R; 1 + . 

When m is not integer, we still have the asymptotic expansion until the second term of S{t)vQ, 
indeed: 

Theorem 2.2 Let N £ JN and m = n + 5 for n £ 1^^ ,n > 1 < S < 1. Then there exist a 
constant C = C{N) > such that 



a=0 



S{t)vo -Y^Md^Gmit) - tMoivo){d.,M)Gm{t) 
vo\\i + 1 



< G 



__2 ]_ I 

^ m 2 m 



_2 ]_ 

m 2m 



r=l 



1 



r=0 



_ £ ]_ / ^ \ 1 1 II / \ — ?- Ill II 

+ e 2t 2™ ( 2^ — — j\\vo\\-^^+ Mo[vo) t ™ 2m lllxli^mll^ 



for all vo £ 1L^{]R) n E\lR; 1 + \x\^) . 



Remark 2.3 
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(i) In the Theorem \2.1l for a real number s > 0, [s\ = max{m E ;m < s} denotes its integer 
part and means simply that the couples {r,j) such that N — r — mj < are not being 

\a\<N~m-2j 

considered in the sum. 

(ii) Our result generalizes that obtained in and \27l where the case m = 2 in the equation 
\2.4\l is studied. 

( Hi ) In the Theorems when m is a integer, we see two different terms in the expansion 

N 

of S{t)vo. The first one, Yl -^«(^o)t?"G'm(t) appears also in the asymptotic expansion of the 

a=Q 

generalized heat equation. The second one is due to the dispersive phenomena. 

(iv) In the Theorems \2.'A when m is not a integer, we see two different terms in the expansion of 

1 

S{t)vQ. The first one, Yl ■^aivQ)d"Gm{t) corresponding to the two first term in the asymptotic 

expansion of the generalized heat equation. The second one is tMo{vo){d^M)Gmit) due to the 
dispersive phenomena caused by the operator dxM. 



We now study the nonlinear problem. That is, we consider the problem (\2.'d^ . whit the following 
basic assumption: q > m, m > 2, and that the solutions of (|2.3j) satisfying the following decay 
estimates 



(2.6) 



\vit)\L < C{i + t) 



1 

2m 



1 i_ 

in m 



\v{t)\\<c{i + ty 



for all f > 0, the numbers C are independent of t. 

We compute the second term of the asymptotic expansion of their solutions of the problem (|2..S|) 
when t — > 00. 

When m = 2, in it was shown the influence of the nonlinear term in the asymptotic expansion 
of their solutions. A result analogue when m > 2 is the following Theorem: 

Theorem 2.4 Let p E [l,oo), q > m, and m > 2, and denote Ai = J VQ(x)dx. Suppose that u 
is a solution to 112.!^) . satisfying the decay estimates 112.6]) . with vq E IL^{IR) nH'^{IR), then 



i) For m < q < m + 1, 



jX Q p ) rn ~^ m 



v{t)-S{t)vo+ / dxGra{t-T)*{MGm{T)ydT 



it) For q = m + 1, 



logt 

Hi) For g > m + 1, 



V{t) - S{t)vo + log t f / (MGrn (*)) l)dx j d^Gmit) 



v{t) - S{t)vo + 



jm 



v^{y,T)dydT]dxGmit) 



when t ^ 00 



0, when t — > cxd. 



when i — > 00 
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Of course, this result is to be complemented with Theorem 12 . II and 12 . 21 that providesa complete 
expansion of the linear component of S{t)vo to obtain a complete description of the first and 
second terms of v. 

At this respect, we recall that, when n = 1 and m = 2, G. Karch in studied the equation 
()2.3|) and obtained the second order term for the cases of 2 < q < 3, q = 3, q > 3. In this case 
J{MG2{t))\x, l)dx = My{47rV3). 

Remark 2.5 The condition \2. 6\) is not particularly restrictive, and is imposed for brevity sake. 
Indeed, see for example the work 0/. Moreover, for the completeness of our exposition, we 
construct solutions to 112.!^} satisfying \2. 6|) provides vq is small in VF^'^(iR) (see section 6). 



3 Linearized equation 

In this section, we consider the family linearized 1)2.4^ of dispersive equations under the effect 
of dissipation. 

Using the Fourier transform we obtain that each solution to (|2.4|1 with uq G S' has the form 
(3.7) v{x,t) = S{t)vo{x) = ^ [ e-'^'^+'^-^vo^d^ 

whit the phase function 



i + iei" 

Our main goal will be to find the complete asymptotic expansion of solutions S{t)vo{x) as t 
approaches infinity, with this aim, first we obtain in the following subsection, the complete 
asymptotic expansion of solutions, as time goes to infinity, of the generalized heat equation. 

3.1 Generalized heat equation. Complete asymptotic expansion. 

The complete asymptotic expansion for the solution of heat equation were obtained by J. 
Duoandikoetxea and E. Zuazua in ^7], in similar form, we have the complete asymptotic ex- 
pansion for a generalization of the heat equation, our generalization takes the form 



(3.8) 



ut + Mu = 0, x e M, t> 0; 
u{x,0) = uo{x), 



Where the operator M is given by (\1.2\i . with m > 1. 

If uq £ Ei^{]R), using the Fourier transform in the variable x, we obtain that the solution to 
()3.8|) is a convolution product: u{x,t) = Gmif) * where 

(3.9) Gm{x,t) = ^ [ e-l«l™*+"«(ie. 
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is the heat kernel generahzed. 

If t > and j is a nonnegative integer, then using the Euler integral it can be easily seen that 



r(2i±i- 

where C{m,j) — 



m 



Hence, it follows that 
(3.10) 

In general we have the following result: 



dl,Gm{t)\L = C{m,j)t ™ 



(3.11) \\diGra{t)\\p<Ct ™ v\ Vl<p<CX), m>l. 

For the proof of (|3.1H) we estimate ||9-'Gm(i)||oo ^'^'^ ||^''^m(0||i; then interpolation. The case 
p = 1, use the following formula (ver 21 ) 



We have the complete asymptotic expansion for the solutions of (|3.8)) by means of the moments 
of the initial data and using the derivatives of the generalized heat kernel as reference profiles. 
Indeed, if denote the moments of the initial data by 

-IV 



1/2 



Mj{uo) 



uo{x)dx, 



we have the following Theorem: 

Theorem 3.1 Assume that u is the solution to \'3. t^) . with uq G K}{]R). Let j,N nonnegatives 
integer. Then, there exist a constant C > such that 

N 

(3.12) Gm{t)*uo-J2Mj{uo)diGm{t) 

j=0 



< Ct"™^ ~\\\x\^+^ 



for all no G iL((l + \x\^)dx,]R) n lL^{\x\^+^dx, M) 
Proof.-By uq can be decomposed as 



N 



j=0 



|Af+l, 



where -F/v+i G Ij^{1R), such that ||F/v-t-i||^ < |||a;|"' ' "uo\^-^. 
Hence, taking the convolution of uq with Gm(t), we obtained 



AT 



Gm{t) * uq - '^Mj{uo)diG^{t) 

j=0 



< ||F^+i||Ja^+^G^(t)| 



iV+1 1 Q 1 \ .. A^il I 

< Ct ^ '"^ p' |x| uo 



1' 



□ 



The following result gives the different representations of the operator M 
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Lemma 3.2 ffT^) Let M the operator defined by Mu{^) = \i\'^u{^,), for u e H'^ , where < 
m < r, r is a positive integer. It follows that 

1. let m = 2n for n G , then 

n pi2n„ 



Mu{x) = 'u(x) 



2. let m = 2n + 1 for n £ Z+, then 



Mu{x) = i-irJ- / ^ ^dy; 

y TT J x-y 



3. letm = 2n + 6 for n £ Z+ , < 5 < 1, then 

Mu{x) = (-l)«y|(co5(^)r(l - 5)) ' J sign{x - 



\x - y\ 



where T denote the gamma function; 
4. let m = 2n + l + S for n € Z+, < 5 < 1, then 

Mu{x) = {-ir^[sen{^-^)ril-6) 
3.2 Complete asymptotic expansion: linear case 



n — \5~^y- 

\x — y\° 



In this section we obtain preliminary result on the asymptotic development of solutions S{t)vQ 
of (|2.4|) . In this developmente, appear terms of convolution K^'' * (dxMy M'^W^ Gmit) , then in 
the following section, to prove Theorems 12.11 and 12.21 we replace them by the first term of their 
asymptotic expansion, i.e. by {dxMY M'^W^Gm{t)- 
The following preliminary Theorems holds: 

Theorem 3.3 Let N £ IN and m £ Then, there exist a constant C = C{N) > such that 
N 



Ifl 



r=0 ^' j=0 0<a<N-r-mj 



r=0 



N 

0<j< 
0<j<{ 

+ C'e^^ ||t'o||2 + Ce'H^^ ^ ^ 
for all vo G E^{IR) n E^M""; 1 + \x\^+^) . 



N ,_J1 
t 



r! 



Vol 



r=0 0<i<|f] 

JV-n 



r=0 



r\ 



E 

j=0 
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When m is not integer, we still have the asymptotic expansion until the second term of S{t)vQ 
indeed, we have: 

Theorem 3.4 Let N & JN and m = n + 5, for n G < S < 1. Then, there exis a constant 
C = C{N) > such that 



a=0 



< Ct m. 2m Uq 



2 

^|||xr^;o||i+ ct-^'^[Y, 



-|- ™ 2m 



1 / V — ^ t 



r=l 



^ —ill II ^ —L J_ / III II 

+ Ce -2\\vo\\^ + Ce n 2..l^ \\\vo\\^, 



1 



r=0 



for all vo £ 1L'^{M) H JL^iM""; 1 + jxp) . 

For the proof of Theorems 13.31 and 13.41 we will use the following Lemmas. We consider € 
C^{]R), a cut-off function such that: 

9^(0 = 1, if iei<i; 

(^(0 = 0, if iei>2. 



Then, we define 



(3.13) S^{x,t) = e-**»«)+--«(^(e)d6 

Where 

|£|m 

= , rn > 1. 

-j^ _|_ £ m ' — 



Notice that if define 



j— veces 

where = 1/(1 + ICD, then 

(3.14) [K„,{Oy=KL{0 



[1 + icr]' 

Hence 



2vr 7 27r 7 



j=0 
oo 



5^^(i^;i,*M2^G™*no)(x). 
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Then, we have the following results: 

Lemma 3.5 Denote Km = Km * Km * ■■■ * Km, m > 1. Let N G IN . There exist a constant 



C = C{N,m) such that 



J — veces 



(3.15) 



N 



S^{t) *uo-Y^ -Ki * M^^Gm * uo 



^0 



N 



j=0 



for allt > and uq G X^(iR). 

Proof.-We decompose using the cut-off function ip{^) 

Gm{x,t) = Gmipix,t) + Gm{l-(p)ix,t). 

Then 



(3.16) 



N 



S^{t)*uo-J2-Kl*M'^G 



< 



N 



Y^-Kl*M'^Gmii-^) *Uo) 



+ 



N 



S^{t) * uo - ^ -Ki^ * M^^Gm^ * uo 



hit) + hit). 



We estimate hit), i = 1,2, separately. 
The term h it) '■ Let 



N 



ti 



w[x 



t) = S^it)-Y,-Ki*M'^G 



mip ■ 



Then, its Fourier transform is 



(3.17) 



^it t) = e-^^(e) - E ^ (Tf9^)'e-i^i>(0 



e-*'«iXe) 



3=0 

2m N 



j=0 



Hence, using the Taylor expansion of the exponential function, we have 

j! - (iV + 1)!' • 

Using this inequality in p. 17(1 we obtain 

(3.18) |u}(e,t)| <e-*i«i'"^(e)(t- 



1^1 



2m \ t|5|2m 



ei+l«l' 



ti«r 



< Cn viO e ™^ t 



2m \ 



1 + ier 
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By Plancherel's formula we see that 



(3.19) 



\wit)\ 



2t|4|™ / t|^|2ni \2(A^+1) 



^l<i l + l^l™ 



Then, from (|3.19p we have 



4m(JV + l) 1 
m 771 



Ct-2(^+l)-^. 



AT 



J=0 -^^ 



1' 



(3.20) hit) < 
The term Ii{t): 

Given that Hi^mll-^ = 1, then we have 

^ fj fj 

(3.21) hit) < \\M^'G^{i-^^\\2 Iholli < E-Il^''^™(i-^)II2II ^olli- 



N 



Now, by Plancherel's formula and using that |^| > 1 implies 2|^|"* > 1 + 1^1™, we have 
(3.22) ||m2^G„(i_^)||^ = 



J|a>l/2 



Then, using in we have 



N 



4-—j 

(3.23) hit) <Ce-*/^t-^ ^—\\uo\\^. 

j=Q ^■ 

Then, from (TT^ and (ICTl) we have 

Lemma 3.6 Lei G W. T/ien t/iere exisi a constant positive C = C(A^, m) such that 



(3.24) 



AT 



Sit)uo - E * {dxMyS^ * uo 



j=0 



< C 



N+l 1 ,, II _f/21| I 

t ni 2,71 h^Q -)- e / Ujg 



/or alltyO and uq £ JL'^iM) H JL^iM) 

Proof.-We decompose (t) using the cut-off function if, we have 



N 



(3.25) Sit)uo - 5^ -Tj * {d.MyS, 



j=0 

1 



TV 



□ 



+ ^ / MO^d^ - E * (d^MyS^ * txo(x) = Ji(t) + J2(t). 
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Here J2(i) represents the difference of the last two terms in 1)3. 25() . We estimate Ji{t), i = 1,2, 

separately. 

The term J2{t): 

The Fourier transform of J2{x,t) is 



j=0 



The Taylor expansion of e*^ implies that |e*^ — X^^g ^tt"! ^ (n+iY ■ Then 



j=0 j! i ^ (N+iy. 

N+l 



(3.26) \Ui.t)\<Ce-^ 1^(^)11^15(^)1 (^_|^ 

By Plancherel's formula, by (|3.26|) and observing that |^| < 1 implies ^^j^|m ^ I CI*") ("^ ^ 1); 
we have 

(3.27) wmf^ = j \Mfd^ <cn j e-w^|(^(e)|'|^5(o|'(tcier)'^'^+'^rfe 

<C^t2(iV+l)|, l|2 / ^-^|^|2(™+l)(iV+l) 
./|?I<1 



r/ie ierm Ji(t): 

The Fourier transforme of Ji{x,t) is 
Then, by Plancherel's formula we have 

(3.28) \\JM\1 = j \M.tfd^ = j e^^|n5(0|'|l-V^(0|'rfe 

r -2t|gr , ,2 

< / eW- n5(e)^dC. 
J|a>i/2 

Now, we have that if m > 1, then 

iei>i^2ier>i + ier 

Returning to (|3.28p . we have 

(3.29) Pi{t)\\l< j e''\Mi)\^di = e-'\\u4l. 

The Lemma 13.51 is consequence of (|3.27|) and p.29|) . □ 
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Lemma 3.7 Let r G M, r > 1. Then there exist a constant C = C{N,r) > such that 



N 



P 



j=0 



^ m > 2m > 



N 



E 

3=0 



for allt>0 and vq e E?{]R). 

Proof. -Given that ||i(r^||^ = 1, we have 



N 



3=0 



< 



< 



N 



P 



(d^MyS^it) *vo-J2 * {d^MyM^^G^it) * vo 

3=0 ^' 



Hence, we only need to prove that 



(3.30) 



N 



P 



{d^MyS^it) *vo-Y, * {d^uyM^^Gmit) * vo 



3=0 



< 



1 .-_ci!i±iv 1 

^ m ' 



m ' 2m 



N 

E 

3=0 



t-^ 



\vo 



We decompose Gm using the cut-ofF function ip: 

Gm{x,t) = Gm<p{x,t) +Gjn(l-^){x,t). 

Then 



(3.31) 



N 



P 



{d^My S^{t)*Vo - -^'rn * {d:cMyM''^Gm{t) * 



3=0 



Vo 



< 



< 



N 



P 



{d^uys^it) *vo-J2 -_^'rn * {d^MyM^^Gm^t) * Vo 

3=0 ^' 



+ 



N 



P 



^ * {d,MyM^^G^^,_^){t) * vo 

3=0 ^' 



hit) + hit) 



We estimate Ii{t) e hit) separately. 
The term hit): We have 



(3.32) 



JV 



P 



id:,MyS^{t) *vo-Y, -^L * (d^MyM^^Gm^it) * ^0 



3=0 ■ 



< 



< 



N 



p 



id^uys^it) - -Ki * id^MyM^^Gm^it) 



3=0 



13 



N 



We now get, g{x,t) = {d^MyS^{t) - Yl %K}n * {d^Uy M^^ Gm<p{t). Its Fourier transform is 



tier 



N 



(3.33) g{^,t) = (ieier)V(O e-™- - i^„(0|Cr'" e-*l? 



i=o ■' 

2m N 



ei+ier 



Now, using the Taylor expansion of the function e^, a; > 0, we have — Ylij=o J\ — (N+iy. 
Using this inequaUty in p.33() we have 



(3.34) 



|2m \ N+1 t|^|2m 

ei+iei™ 



(Af + 1)! Vi + iei' 

(„+i) e^TW- / t|^|2- \ ^+1 



(A^ + 1)! Vi + iei' 

^From ()3.34|) and Plancherel's formula we obtain 



(3.35) 



N 



{d,MyS^{t) - -Kin * {d^Myu^^Gm^it) 



j=0 



.c./|.(e)nei-^-)e-^(J^) 

= C7^t2(7V+i) 



|?(e,t)rd^ 

2m \ 2(Af+l) 



2r{m+l)+4m{Af+l)^_t|g|m^^ 



ICI<1 



2|g|'" 



In (lO^ we use that |^| < 1 implies > l^]"". Then, returning by (HO^ it follows 

that 



(3.36) 



TV 



{d^uys^it) *vo-J2 * {d.MyM^^GmAt) * ^0 



< 



1 ■ 



The term l2{t): Since = 1, we have 

N 



(3.37) 



P 



j=0 



N 



2 J=0 



and moreover if m > 1, |^| > 1 implies that 2t|^|™ > [t + ^1^1"*). Then 



(a,M)''M2^G„(i„^)(t) 



ir{m+l)+2mj —t\£,\^ 



[l-ip] di 



^lfl>l 



2r(m+l)+4mj _2t|g['^ 



'l?l>i' 



_f / I ^|2r'(m+l)+4mj 
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Hence, returning to p.c{7() . we have 



(3.38) 



N 



N 



2 Wo'- 



r(m + l) J_ 

< Ce 2t m 2m 



AT 



The Lemma IrTKl is consequence of (|3.36|) and (|3.38|) . □ 

Lemma 3.8 Lei {k,r,j) G IV^. Then there exist a constant C = C{k,r,j) > such that 

k 



(3.39) 



{d^MyM^^Gm{t)*vo-Y, 



a=0 



a! 



for allt>0 and vq G iL^ (iR, 1 + 1x1*^+^) . 

Proof.-In ^7] it is proved that vq can be decomposed as 



^^0 



a=0 



a! 



where F^+i G iL^(iR), such that < || Ixj^^'^voll j^- Then, taking the convolution of vq 

with {d^MYM^^Gm{x,t) we have 

(5.M)''M2JG„(t) * vo - ^ / ^ox^dx] {d^MYM^^d^G^mit) 

< \\Fk+i * (a,M)"M2^a^+iG„(t)||2 < ||Ffe+i||J(5,M)"M2J9^iG™(t)||2 
<C|| |a;|i+'=?;o||^t-^('^(™+^)+2'"^'+^+^)-^. □ 

Proof of Theorem inn : 
^Prom Lemma 13.61 it follows that 



(3.40) 



AT 



^(*>o-5]^i^;.*(9.M)%(t) 



* Vo 



r=0 



jv+i 11 —in I 



2 • 



Moreover from Lemma 13.71 we have 



(3.41) 



AT 



r=0 



r=0 ' j=0 •'' 



r m 



r=0 



r! 



I II _i 3_ / \ ^ t m 

\Vo\\^ + Ce 2i 2m I > 



r=0 



r\ 



\vo\ 



1 ■ 
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Then from (fnUl) and (|nT]) it follows that 



(3.42) 



N If I • 

iV + l 1 II 11 „ n^l-un 1 I t rn 

<Ct — ^ — Ct''^^^\+^>-^ l2_^ — j- 

\r=0 ^' 



\vo\ 



-Ce i\\v,\\^ + Ce-h-^(j2^)nZ 



N 



r=0 



j=0 



\vo\ 



On the other hand from the Lemma 13.81 we obtain 



(3.43) 



I- 



r! — ' 7 



N If I ■ fc(r,j) 

E H ^ 71 ^ -M«(^o)i^;n+^' * (9.M)'-M2^a,"G^(t) 

r=0 ■ j=0 •'' a=0 



I-l 



r=0 ■ j=0 ■ 



< E H E -T * {d^Myu^^G^it) * vo 

k{r,j) 

- E MMK^^ * {d^MYM^^d^Gmit) 



r=0 ■ j=0 •' ' 



In (|3.43)) . k{r,j) denotes a natural number and we use that Hi^^H^ = 1. 
We choose k{r,j) = N — r — mj > in H3.43() . Hence 



(3.44) 



rl ^ — ' 7 



E H E 7T * (d^MYM^+^GUt) * vo- 

* 

E MUvo)Ki * {d.MYM^^d^Gmit) 



r=0 ■ j=0 •'' 0<a<N-r-mj 



N+l ]_ 

^ Ct ^ 2m 



E E lli-i^""^^- 



■r—jm 



Vo 



r=0 o<i<[f 



o<i<| 



2 1 

iV-ri 
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Finally, Theorem 13.31 is consequence of (|3.42l) and (|3.44l) . Indeed, 



S{t)vo - E - E - E McivoWnt^ * {d,MYM'^d^G.^{t) 



N+1 1_ 

^ Ct ^ 2m 



N 



r=0 j=0 •' 0<a<N-r-mj 

.o|L+ct-«-'+^)--(E^)ii-oii,+ 



AT 



E E 

'^=0 0<j<|f| 
0<i<l^l 



+ Ce 2 ||tio||2 + C'e 2t 2m [ 



TV 



r=0 



E^ 111-01 



j=0 



□ 



Proof of Theorem 13.41 : 

In this case, are continued the same steps of the proof of previous theorem, to consider = 1 
and choose k{r) = 1 — r in (|3.43p . □ 

4. Complete asymptotic expansion. 

The function entering in the iL^-estimate of Theorem 13.31 can be written as 

N 

(4.1) S{t)vo - ^Ma{vo)d^Gm{t) 



a=0 



N If 



r\ — ' 1. 

r=0 j=0 ■' 0<a<N-r-mj 

In this section we simplify the terms of (|4.1() that have the form 
(4.2) K;^^ * (d^MYM^^d^G^it), 

and we replace them, for the first term of their asymptotic expansion, i.e. by 

(d^MYM^^d^Gmit). 

Now, of the moments formula 

j x°/(x)da; = r /) (0) , a > 0. 

Then, observing that 

(43) / !jaKln{x)dx = l, 

1 Jjp^xKm{x)dx = , j > l,m > 1. 
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On the other hand, as Km £ JL^{1R), the solution of 
(4.4) 

is given by 



Ut — Mu = 
n(x,0) =kL{x) , J > 1, 



u{x,t) = {Kl*Gra{t)){x) . 

Keeping H4.3|) in mind, we have Km G 1L^(^1R, (1 + |x|), since 



J \x\\Kl^{x)\dx < oo. 



Consequence of Theorem 13 . 1 1 and as A^o(-^m) = / Km = 1, we have the following Corollary: 
Corollary 4.1 There exist a constant C = C{m) > such that 

\\Gm{t) * Kl^ - Gm{t)\\^ < C t-^-^\\\x\Km\\^ ■ 

Proof.-By Lemma (|3.5j) with = and J Km{x)dx = 1 we have 

(4.5) \\Gm{t)*Km-Gm{t)\\^ 

Then, from H4.5|l we have 



(4.6) 



|G'm(i) * K'^ — Gm{t) * ^m\\2 — \\l^m\\i\\Gm{t) * Km — Gm{t)\ 



<ct- 



Now, from and (jOJ, it follows that 



\\Gm{t) * Kl - Gm{t)\\2 < \\Gm{t) * KI - G„(t) * KmW^ 

+ \\Gm{t) *Km- Gmit)\\2 < C t'^'^ \\\x\Km\\^ ■ 

The conclusion of the proof the Corollarv 14. II it follows by induction. □ 
If instead of Gm{t) we consider (dxMy M'^^ Gm{t) in the previous Corollary we obtain the 
following result: 

Corollary 4.2 Let r G IN. Then there exist a constant G = G{r,j) > such that 



(4.7) id.MYM^^d^Gmit) * K;^^ 



(d^MYM^^d^Gmit) 



< 



l + (m + l)r + 2jm+|a 1_ .. 

< ct 2™ |x|-ftr„ 



And, as an immediate consequence of Corollarv 14.21 we have: 
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Corollary 4.3 Let r £ IN. Then there exist a constant C = C{r,j) > such that 



N If I j 

E H E 1 E -^-(^o) ( ' * {dxMYM^^d^G^it) - {d^uyM^^d^G^it) 

r=0 ^' j=0 0<a<N-r-mj 



N [f I • 

r=0 j=0 0<a<N-r-mj 



l+(m+l)?' + 2jm + a In n 

m 2^ ^\\x\Km\\^ 



1+N 1 



<C max < \Ma(vo)\ > t m 2m Ixli^m L . 
0<a<Af-l [ J 

Then the proof of Theorem 12.11 fohows directly from Coroharv 14.31 and equation 1)4. 1|) . indeed: 



N 



j.r ' 2 I 



5(t)z;o - Yl MMd^Gmit) - E-E- E -MaN)(5.M)'^M2Ja^G™(t) 



0<a<Af 



< c 



N 



r\ — ' 7. 

r=0 j=0 0<a<N-r-mj 



r=0 



N+1 



_/-[iV| I -|\ 1_ II II / \ ^ b m \ iV+1 J_ II II iV+1 1_ \ ^ 

I 112 1'^-^'' I r 1 1 1 1 — i~ ) ~'~ ^ ^""11^0111 + ^ 2m ^ ^ II |x|' vo\ 



r=l 



t 1 I ^ — ^ t 1 



r! / — ' 7 



Ifl 

E-r'ii^oi 



+ e 2 + e 2t 2m / 

+ max < ITWq.Ii'o)! ^ i^^^^^llkli^mlli 

0<a<Af-l J 



□ 



Remark 4.4 When m = 2 the Theorem \2.1\ it agree with results in \21^ 

Remembering that ^Aa{vQ) = f x'^VQ{x)dx. In the Theorem \2.1\ we have the following 

particular cases when m € , m> 1: 

1. If N = 0, the firs term in the asymptotic expansion is ri{x,t) = A^o(^^o) Gm{t)- Then, for 
vq G E?{IR) n IL^{IR, 1 + |x|), we have 

t'^\\S{t)vQ- MQ{vQ)Gm{t)\\^<Ct'^ , for t>l. 

2. If N = 1, the firs term in the asymptotic expansion is ri{x,t) = AiQ{vo)Gm{t), and the 
secon term is r2{x,t) = Mi{vo)dxGm{t) + tMo{vo){dxM)Gmit) ■ 

Then for vq G IL'^{IR) H IL\IR, 1 + \x\'^) we have 

2 



1 I 1 



S{t)vo-J2^,{t) 



< Ct"- , for t>l. 



3. If N = 2, m = 2 then, Mu = —dxxU o,rid G2{x,t) = G{x,t) = {Airt) 2e 4t it is the heat 
kernel. The firs term in the asymptotic expansion is 
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ri{x,t) = M.o{vo)G{t), the secon term is 

r2{x,t) = M.i{vQ)dxG{t) — tM.Q{vQ)dxxxG{t) . And the third one is 
r3{x,t) = M2{vo)dxxG + t(^Mo{vo) - MiM^d^G + '^Mo{vo)d^xG. 
Then for vq G E'^{1R) n E\1R, I + \x\^) we have 

3 



Sit)vo-Y.rj{t) 



< Ct"2 , for t> 1. 



When m > 2>, N = 2, the firs term in the asymptotic expansion is 
ri{x,t) = M.o{'Vo)Gmit), the secon term is 

r2{x,t) = Mi{vo)dxGm{t) + tMo{vo){dxM)Gm{t) . And the third one is 
rs{x,t) = M2{vo)dxxGm{t) + tMi{vo){dxM)dxGrr,{t) + f TWq (t^o) (9xM)2g„ (t) . 
Then for vq G E^{1R) n E^{1R, 1 + \x\^) we have 



1 I 2 
1 2m m 



Sit)vo-J2'-jit) 



< ct- 



for t > 1, m > 3. 



Remark 4.5 When m = n + 6 for n S , n > 1, < S < 1, as consequence of Theorem A2.1\. 

we have 



J_ J L 



S{t)vo - Mo{vo)G^m{t) - Mi{vo)dxG„^{t) - tMo{vo){dxM)Gm{t) 
fort>l and for all vq G IL'^{1R) D E^iM^; 1 + jxp). 



< ct- 



5 . Complete asymptotic expansion of the generalized KdV linear 
equation 



ut + Mu - Mux = 0, X e ]R,t> 
u{x, 0) = uo{x) . 



Let us consider now the linearized equation 
(5.1) 

Where Mu{i) = |C|™'n(^), m £ Z"*". Its solution takes the form 

u{x,t) = T{-,t) * uo{x) , 

with 



1 

2^ 



T{x,t) = ^ I e^^^^^+'^'-^dC. 



The phase function is now 



m = -\cr+imr 

which is a bit simpler than the phase function <I> of the (|2.4|) linear equation. Proceeding as in 
the proof of Theorem I3.3[ Section 3 we obtain the following result: 
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Theorem 5.1 For any N G IN, there exists a constant C = C{N) > such that 



N 



t^ 



N-j 



j=0"'' 0=0 



N+l 

^ „ ,_ J__iv+i 11 11 ^,_J^ iv+i \ - III ,1. II 

< G r 2m m ||7/q||^ -|- O t 2m m >^|||x| "UQ 1 1 , 

k=l 



for allt>0 and uq G E^{1R, 1 + \x\'^+^] 



Remark 5.2 For instance, if N = 2, in Theorem \5.1\ we have that the first term is ri{x,t) = 
MGm{t)- The second term is r2(x,t) = Mi{uo)Gmit) + tMo{uo)[dxM^Gm{t), and the third 
one 

rs{x,t) = M2{uo)dx.Gm{t) + tMi{uo){dxM)dxGm{t) + *^Moiuo){d^MfGm{t). 



Then for uq £ 1L^{1R, 1 + we have 



T{t)uo-J2^j{t) 



< Gt~-^ , for t>l 



Remark 5.3 In accordance with Theorems and \5.1l the succesive terms appearing in the 
asymptotic expansion of the solutions of \2.4^ and \5.1\) have the form 



N If I • N~r~2j 
r=0 ^' j=0 0=0 



(5.2) 

and 
(5.3) 



N ^k 



N~k 



E ^ (^-^) E MMd^G,Ut) , 

k=0 ' 0=0 

respectively. We see that, the term due to dispersive effects of Mux in i5.1\) and Mux and Mvt 
in \2.4]) , appear in the asymptotic expansions starting at the second term. 



6 Global Solution 



In this section we study the global solution of the initial value problem for the following model 
equation (|2.3|) and suppose that m > 2. There is a well known principle which has frequently 
been used to prove existence of global solution of non-linear equations. Indeed, we may rewrite 
our non-linear diferential partial equation as non-linear equation integral, obtained from the 
formula of variation of the parameters (or formula of Duhamel) 

(6.4) 



v{x,t) = S{t)v^{x) - [ S{t-T)Km*iv'^)(r)d7 
Jo 



21 



Where 



(6.5) S{t)vo{x) = J^I exp( - t^O + ■ ^)MOd^ , 

with the phase function 



i + iei" 

Recall that Km is the function defined by K{^) = jqqipr- 

The equation (jHH} is equivalent to the differential form ^2.',^ , but is much easier to handle when 
it comes to proving questions of existence an uniqueness. 

To find a solution v to ()6.4() . we shall use an iterative method. We first approximate v by 
the linear solution 



(6.6) vo{x,t) = S{t)vo{x). 

Then we make a better approximation 

v,{x,t) = S{t)vo{x) - f S{t - T)Km * K) Jr)dr. 
Jo 

More generally, we define the non-linear map v Pv by 

Pv{x,t) = S{t)vo{x) - [ S{t- T)Km * {v'')jT)dT 

Jo 

and define Vk+i = P{vk) for all k = 0,1, .... We hope to show that this sequence of approxima- 
tions converges to a limit v, so that v = Pv. This would give us a solution to H6.4|) . 

In short, we want to find a fixed point of P, show that it is unique. We can accomplish 
all this in one stroke from the Banachs fixed point Theorem, as soon as we show that P is a 
contraction on some complete metric space X which contains vq. Well, we have to pick the right 
complete metric space to get the contraction working. 

Theorem 6.1 Suppose that vq G W'^'^{]R); then there exist a positive constant 5i such that 
when ||fo||pi/2,i < 5i, then the equation i(j.4\ ), have a unique global solution v{x,t) satisfying 

v{x, t) G C(0, oo; E°°{1R) H H^{1R)). 

Moreover, the asymptotic decay rates of the solutions v{x,t), i2.b}) . holds. 

Initial data vq for which HvqUvk^.i is sufficiently small give rise to global solution of the nonlinear 
equation. 
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6.1 Properties of the linear solutions S{t)vQ 



Lemma 6.2 Let vq G W'^'^{]R). Then there exist a positive constant C, independent of t such 
that 



(6.7) 
(6.8) 
(6.9) 



\S{t)vo\\^ < C\\vo\\w^,iil + t)-2^ 
\SAt)M\2 ^ C\\vo\\w^,i{l + t)-^- 
\S{t)vo\\<C\\vo\\w^Al + t)-^- 



Proof.-By Plancherel's formula, we have 



(6.10) \\S{t)vo\\'^ 
Now 

(6.11) 



1 + 



-ii + \c\')\vom'd^< 



sup 



{(l + ICI)l^o(Ol}j' 



IR 



e i+l«F 



e i+l«F 



< 2 



1 fOO 



If C G [0, 1] then i < < 1, hence e < e-*!^!'", we have 



(6.12) 



d^<C e-*l«l <C I e 



1 + 



Jo 

<C re-(i+*)l«l'"d^<C(l + t)-^. 
Jo 



For the second term on the right-hand side of 1)6.11(1 . if ^ G [1, oo) then ^ < j^j^.L^ < 1, hence 



-2tisr 



1 + 



(6.13) 
On the other hand 
(6.14) sup{(l + |^|)|tro(e)l} 



oo g-t 



1 + 



jdC < Ce'K 



< sup 


j e '^'^vo{x)dx 


+ sup 


j e""-«T;o..(x) 


dx 













< j \vQ{x)\dx+ j \vox{x)\dx < \\vq\\wi, 



Thus, plugging dlTT^ . dlTni) and (IFTTll) into ([fnil implies (UTTl) . 
Proof of (|6.8() , we have similarly 



(6.15) ||5,(t)t;o| 



(l + |e|2)2|e|2e-TW 



+ 



2A2 



-i^o(e)i''ic 



< 



sup 



(1 + I?ni^^o(0l} 



+ 



T+HP 



2^2 
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Now, 



leiv 



2tier 



< 2 



Then, ^ G [0, 1] implies that ^ < < 1, we get 



1 roo 

+ / 

Jl 



-2tigr 



(6.16) / lepe W-de < C / lel V(i+*)l«l'"el«l'"dC < C / |epe-(i+*)l«l'"dC < C(l + t) 



_2__ J_ 

m m 



Using the facts that ^ < i^^\'m < 1 if 6 [1, oo), we have 



(6.17) 
Also, 

(6.18) 



2t|e|'" 

~ |£|2e-T+^ 

2yrdi< 



(l + l^l^ 



oo g-t 



1 + 



< Ce" 



< sup 




+ sup 


j e "■■^voxxCx) 


dx 


5eiR 











< y |vo(a;)|da; + j \voxx{x)\dx < \\vo\\y^2,i 

Therefore (|6.16j) . (|6.17j) and (|6.18j) give us the desired estimate (|6.8)) . 
Proof of (|6.9|) , using the classical inequality 

\\S{t)vo\\^ < \\S{t)vo\\f\\S,it)vo\\'J\ 

(IfTTj) and (inSI), we get (IHH . 

Now, recall that Km is the function defined by Km{i) = 1/(1 + iCl"*); we have: 
Lemma 6.3 Let m> 3/2. If 

1 



S{t)Kmix) 
with the phase function 



(2vr) 

m 



exp{-t^O + ix-^)Km{OdC, 



i + iei" 

Then, there exist a positive constant C, independent oft, such that 



(6.19) \\S{t)Km\\^<C{l + t)- 

(6.20) \\S^{t)Km\\^<C{l + t) 

(6.21) \\S{t)Km\\^<C{l + t) 

Proof.-By Plancherel formula we have 



1 

2 m ■ 



_i 1_ 

2m TTi ■ 



\\S{t)Km\\l =\\S{mn 



< 



(i + icr)2 



e i+lcn 

(i + ier)2 

di + 



di 



1 />oo 

+ / 

Jl 



(1 + lcl 



m\2 



di < C(l + t)-i/'" + Ce- 



□ 
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This inequality implies (|6.19l) . 
Similarly, we have 



|2 iio-T:?^ i|2 /■|r|e 



\S^{t)Km\\^ = \\S^{t)K^\\^ = J -^^—^-^d^ = + 



2t\e.\"' 

14. /"l /"oo 



1 \^\\-t\^r ^-t |^|2 _ ^ ^ ^ 



Hence, ()6.2U|) it is proven. 
Now, 



Then, (|6.21|) it is proven. □ 
6.2 Proof of Theorem 16.11 

Looking at the behaviour of the first few iterates fo, vi, etc., by the Lema l^^ we decide that 
the correct metric space to use is (as in ^1 12^] for example) 

= |u G C7(0,oo;-H'2niL°°) / M{v) < 5}, m > 2 . 

Endowed with the distance 

M{v)= sup {{l + t)^\\v{t)\\^ + {l + t)^\v{t)\\^ + {l + t)^+^\v^{t)\\^, 

Xs is a complete metric space. We will show that the mapping defined formally by 

P{v) = S{t)v(^{x) - f S{t - T)Km * {v'')Ar)dT, 
Jo 

is a strict contraction on Xs, that is, we will prove that there exist the positive constant 61, 
such that the operator P maps Xg-^ into itself and has a unique fixed point in Xg-^. Thus, such 
a fixed point v{x,t) is the unique solution of equation ()6.4() in Xg-^, globally in time. To prove 
these, the following Lemmas are available. 

Lemma 6.4 Suppose that a > and b > and max{a, 6} > 1, then 



(6.22) 



/ (1 + t - r)-<^(l + ry^dr < (1 + i)-"^^",^}. 
Jo 

The Lemma 16.41 can be found in 532, see also |24j . 

Lemma 6.5 Let q > 1. Then there exists a constant C > 0, independent oft, such that 

(6.23) \\\u{t)rMt) - \v{t)rMt)i < ^^ihw + Ht)Wiy,,)^ 

for i = ^ + ^ < 1. 

J r pi P2 — 
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Proof.-If a > 0, we obtain 



|a|°a - m^b = (1 + a)(a - b) [ |r(a - b) + b\"dT, 

Jo 



for all a,b £ M. In our case we have that 



\u{t)\''u{t) - \v{t)\'^v{t) = (1 + a){u{t) - v{t)) / |r(u(t) - v{t)) + v{t)\''dT . 

Jo 

Using the Holder inequahty for f = ^ + we obtain 



\P2 



- \vit)r'vit)\\r < C\\uit) - vit)\\,, / \\ir{u -v)+v) 

Jo 

< C\\u{t) - v{t)\\p, ^ ||r(n -v)+ ^||?,"\)p,dr 



< C7||n(t) -u 



pi 



{|J-1)P2 



{g-l)p2 



□ 



Lemma 6.6 Xei q > m and m > 2. If v £ Xg, we have 

(6.24) f S{t-T)Km*{v'')(T) dT<C6''{l + t)-^; 

Jo 2 



(6.25) 
(6.26) 

Proof.-Note that 



Jo 2 

Jo °° 



_1 ]_ 

2m m ■ 



(6.27) 



/^-^)^;.(0||i <h^'-'Ht)UvAt)\\, < lk(0||L"'"lk(i)|i;;™_i)lh.(i)| 

_ q — m _ m — 1 1 \ 1 1_ 

<J9(1_|_T-) ^ ™ ^ 2(m-l)^ 2m m < ^"J ( 1 _|_ " 



Proo/ o/ (jllMl), by and (lOTjl we have 

f S{t - t)K^ * {v')Jr) dr < f \\S{t - T)K^\\^\\v^'i-^\.,{T)\\^ dr 

Jo 2 Jq 

<C5'^ [ (l + t-r)-2^(l + T)-- dr <5'?(l + t)- 
Jo 



1 

2m , 



In the ultima line we use that q > m and 16.221 
Proof of by (UnUl) . dlH^ and f^HT^ we have 



[ S^{t-r)Km*{v'')^{T) dT< [ \\S^{t-T)KmU\v^'-^^V^{T)\\^dT 
Jo 2 Jo 

<(5« / (l + t-r)-2k-^(l + r)-^ dr < C(^'?(i + i)- 



_L 1_ 

2m m 
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Proof of (irai) . by (jlT^ . (jlTTTl) and (jlT^ we have 
r S{t-T)K^*{v'')^{T) dT < f \\S{t - t)K, 

Jo ' oo Jo " 



M'^^vJt)\\^ (It 



/"* 1 1 

<5'? / (l + t-T)^m(l + r)-™ dT<C75«(l + t)-^. 

JO 



□ 



For the contraction property of P, we need the following Lema: 

Lemma 6.7 Let u{x,t),v{x,t) G Xg. Then there exist a positive constant C, independent oft, 
such that 

II (u*)^, - {v'^)J\\^ < CS'^M{u - v){l + t)-'^/"', q>m. 
Proof.-We have that \u\'^~^Ux — \v\'^~^Vx = \u\'^~'^(^Ux — Vx) + Vx[\u\'^~^ — \v\'^~^), hence 



(6.28) |||u|^ ^Ux-\v\'^ ^Wi'll^ < II'"'' ^IL 11""^ ~ ^^Il2 + II^^IL 



< u 



19-2 



\u\\n \\Ux - Vx\\^ + \\Vx 



q-1 
q-1 



, ,, 119-1 
\u — v\\^[ \\u\\ ' + \\v\\ 

\ 2\\\ Woo M Woo 



(by 



< 6'^ ^\\Ux — Vx\\^ {I + t) '™ 2L + ^^lU _ + t) 2m ''m 



6'''\l + t)—^^^ {l + ty~ +6''{l + t)2^\\u-v\\^ (1 + i)" 
< 6'^-^M{u -v){l + t)-^ + 5'iM{u -v){l + ty 
< 5'^M{u-v){l + t)-^. 



•m m 



m m 



□ 



To prove Theorem 1, we need to prove that there exists the positive constant 5, such that the 
operator P is a contraction mapping from Xs-^ into Xs-^ ■ 

Step 1. P : Xg Xg. For any vi{x,t) G Xs, and denoting v = Pvi, we will prove that 
V = Pvi £ Xg for some small 6 > 0. 
Indeed, using 1)6 .71) and H6.24() we have 

rt 



(6.29) 



1_ 

2 m m 



||t;(t)||2=||Pt;i(t)||2< ||S(t)?;o||2+ f \\S{t - t)K^ * {vI)x{t) 

Jo 

^ <^lho||vKi,i(l + *)"^ + Cd^il + t)-^^. 
Similarly, we have due to 1)6. 8|) and 1)6. 25|) 

(6.30) \\Mt)\\2 < c\\vo\\^2,A'^+ty^'^ +c^'i'^+ty 

By the same way, we can prove that 

(6.31) ||^;(0|L ^ C'||?;o||^2,,(l + t)-^ + C(5«(l + t)- 
Thus, combining 1)6. 29(1 . 1)6. 30() and ()6.31|) implies that 

Miv) <Cl{\\vo\\y^,,,,+^''), q>m> 3/2. 



Jt 
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Then there exist some small 82 > 0, such that < Let ||wo|| (4/2,1 < 2^7' ^ ^ ^2, 

then 

We have proved M[v) < 5 for some small 5, namely, P : Xs for some small 5 < 52- 

Step 2. P is a contraction in X^. Let u,v G Xs, from Lema lHTTl and Young inequality it follows 

that 

(6.32) 

\\Pu-PvL< [ \\S{t-r)K„,\\ \\{u%{r)-{v%{r)\\ dT 
Jo 

/■* 1 9 1 

<C5''M{u-v) / {l + t-T)-2^{l + Ty^dT <C6'^M{u-v){l + t)-2^. 

Jo 

We have, in the same way in ()6.32|) 

(6.33) \\{PU-Pv)4 < [ \\S^{t-T)Km\L\\{u'').{T)-{v''UT)\\ dT 

Jo 

l-t 

<C5'iM{u-v) / {l + t-Ty"^-^ {l + ry^dT <C5'iM{u-v){l + ty't~^. 
Jo 

And also 

(6.34) \\Pu-Pv\\^< f \\S{t-T)K^\\^\\{u'iy{T)-{v'iUT)\\^dT 

Jo 

<C5'^M{u-v) I {l + t-T)-^{l + Ty^dT <C6'^M{u-v){l + t)'^. 
Jo 

Therefore, from (|6.32|) . (|6.33|) and (|6.34j) . we obtain 

(6.35) M{Pu - Pv) < C5'iM{u - v) 
Let choose 5 < 5^ < ^jr/^; we have proved 

M{Pu-Pv) < M{u-v), 

i.e. P : Xs — > Xs is a contraction for some small 6 < 5^. Thank to steps 1 and 2, let 
di < min |(52, (^sj, we have proved that the operator P is contraction from Xs-^ to X^^. By 
the Banach's fixed point Theorem, we see that P has a unique fixed point v{x,t) in X^^. This 
means that the integral equation 1)6. 4() has a unique global solution v{x,t) G Xs-^- Thus, we have 
completed the proof of Theorem. □ 

7. Asymptotic expansion: non-linear case 

In this section we prove some preliminary results which leads to the prove of the Theorem 12.41 
i.e. to the asymptotic expansion of the solutions of the equation 1)2. 3|) . where q > m, and m > 2. 
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The solution of (|2.3() satisfies the integral equation H6.4() obtained from the variation of constants 
formula. It is also convenient to recall that the solution of H2.3() satisfy the decay properties 

We now prove some preliminary results. 

Noting that, from Theorem 13. 11 with = and M = Jj^UQ{x)dx, we have 



t^^^'^^\\Gm{t) * no - MG^m{t)\\p < Ct- 



\X\Uo\ 



for ah no G ^^((l + \x\)dx,]R). 

Now, of this inequality, in view of the density of + \x\)dx,lR) in Ki^(lR), and in similar 

way to |181 123j it is proven that: if Wo G 1L^{]R) then 



(7.1) 



, when t ^ oo 



Now, the decay rates from Lemmas 13.51 and 13.61 are extend to the case p £ [2, oo] , with = 0. 
Indeed, we have 



Lemma 7.1 There exist a constant C = G{m) > 0, such that 

(7.2) t^^^—v'^\\S^{t) *vq{x) - Gm{t) *vo\\ — >0, when t 



(7.3) 



t'^^^ p'^\\S{t)vo{x)- S^{t)*vo{x)\\ — >0, when t 



for all pe [2, oo], and vq e (M) n K,"^ (M) . 



Proof.-For the proof we apply the interpolation inequality 



oo, 



oo, 



||n;||p < C||ty||2 Halloo , VpG(2,oo) 
When = in the Lemma 13.51 we obtained the case p = 2 



S^it) * no - Gmit) * vo 



< Gt ^ 2m ||no||-^. 



Now, we estimate the iL°°-norm. As in (|3.17|) and (|3.21|) we decompose Gm{x,t) = J^^^^i ■■■dS, + 
ijgl>i -d^, then 



S^{t) * no - Gmit) * Vq 



< G 



l€l<i 



-il^r^e^^ -1 



\vo\dC + 



'tier 



\vo\dC- 



5l>i 



Hence, of the Taylor expansion of the exponential function, — 1 < xe^ , we have 



S^{t) * no - Gm{t) * Vo 



< G 



51<i 



e-'™^t\C\'^"' \vo\dC+ I e-*l«l'"|tro|d^ 

ISI>i 
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If lei < 1 then > ^ and if 1^1 > 1 then 2|er > 1 + l-^P, hence 



S^it)*uo-G^{t)*vo <Ct I e-*— |eP'"dClbo||i + e"* / e-'—d^vo 



5l<i •''I5l>i 
< C(^t~^"™ + e~H~^^ \\vo\\i < Ci~^~™ llvolli- 

Hence, (|7.2j) is a consequence of this inequahty an interpolation formula. 

The proff of (|7.|-i|) . is similar, using Lemma LS. 61 □ In consequence, the first term of its 

asymptotic expansion of the linear solution S{t)vo is AiGmit), of course: 



Theorem 7.2 Let vq G I}{]R) n IL'^{]R). Then the linear solution v{x,t) = S{t)voix) of ^ 
satisfies 

t^^^~p'^\\S{t)vo{x) - MG.m{t)\\p — >0, when t ^ oo 

for all p £ [2,oo] 

Proof.-The relations ((7^ and ((7^ implies that 

— d— -^11 II 

fm^ p'\\S{t)vo{x) — Gm{t) * vo{x)\\^ — >0, when t ^ oo. 
This inequality and ()7.1() provide the proof of Lemma. □ 
Lemma 7.3 5e a G (—1,0] eb <0, existe uma constante C > 0, independente de t, tal que 

j\l + t-TY{l+TfdT<i^ 

Lemma 7.4 Assume a G (—1,0]. There exist a constant G independent oft such that 

[\l + t - T^il + T)-^dT < C(l + tf{l + log{l + t)). 
Jo 

Proof.- After splitting the integral into f^^"^ + fy2^ ^^e above inequality is obtained by estimat- 
ing each term by the supremum of one of the integrated factors. 

The following Theorem say that if 7W = J U(){x)dx ^ 0, then the first term of the asymptotic 
expansion of the solution v{x, t) of (|2.3|) is described by the fundamental solution of the linear 
equation 1)3. 8|) . 

Theorem 7.5 Let v = v{x,t) be the solution of h2/J\) corresponding to the initial data vq G 
lL^{]R)r\H^{lR). Then 



C7(l + t)"+^+i for b>-l; 

C(l + t)" for b<-l. 



(7.4) t^'^^-v^\\v{t) - MGm{-,t)\\^ < r]it) 

(7.5) t^(5-i)||^;'?(t) - {MGm{;t)r\\ < r?(t). 



such that lim 7]{t) = 0, with M. = f vo{x)dx and q > m 
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Proof.- ^From 

(7.6) \\v{t) - S{t)vo\l < 1^ \\S^{t - t)K^I\\v{t)) W'^'^Wvirmdr. 

/.From (|2.6|) . by interpolation ||f ||m. ^ C(l + t)^-i^^^^m\ And by Lemma 17.61 following, we have 
\\v{t) - S{t)vo\\ <C [ (l + i-r)"™^^"^^"™(l + T)"™^^"^^(iT. 



Now, from Lemmas 17.41 and 17.31 we have 



\v{t)-S{t)vo\\<C{ 



i p' "1 logt, g = m + l 



Now, the proof of Theorem 17.51 is an immediate consequence of Theorema 17.21 

The proof of (|7.5() result directly from H7.4|) and 1)2. 6() . Indeed, it suffices to apply a simple 

consequence of the Lemma 16.51 

\\v'i{t) - iMGmi;t)r\l < im - MG^i;t)\\p(\\v{t)\\'^' + \\MGmi;t)\\'^') □ 

In the following Lemma, we extend the decay rates from Lemma 16.31 to the case p £ [0,oo]. For 
this, we use the interpolation inequality 



(7.7) 



\9\\p<C\\g\\ocn\9U 



When p = 1, observe that for all smooth rapidly decreasing functions w = w{x) defined in M, 
(7.8) \\w\\i < C\\w\\l^'^\\d^w\\l^'^. 

The proof of (|7.8j) can be found e.g. in j8j (example 2). 

Lemma 7.6 Let m > 2. Then, there exist a positive constant C , independent oft, such that 



(7.9) 
(7.10) 

for all p G [1, oo]. 



\S{t)K^\\^<C{l + t)-^^^-'^\ 



\s^{t)K^\\^<c{i + ty 



•m ^ p ' m 



Proof.-For the proof of (|7.9j) we estimate the iL^-norm of S{t)Km and then we apply (|7.7|) . for 
this we use the inequality 1)7. 8|) for the function w{^,) = Kme~^^^^\ indeed we have 



[i + \c\^y 



m—l 



e 
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Hence 



.ml 



\diiw{^)\ < Cr, 



if |C|<1, 

m—l 



+ 



e-2, if |e|>l 



Then 



/ +/ <C{l + tf f 



ICI<i 



|c|4m /• |t|2(m-l) 

^ ^di + Ce-^ / ^ jdC 

ci>i(i + iei") ^ici>i (i + i^r) 

That is 

(7.11) \\di,w\\l < C{1 + t)^ + CtV* + Ce"* < C(l + t)^. 
Now, substituting (|6.19|) and (|7.1H) in (|7.8|) . we deduce that 

(7.12) \\S{t)K^\\i = \\w\\i < C((l + t) 
Substituting (fTH"^ and (jH^^ in (fTTjl we have 

\\S{t)K^\\p<C{l + t)-^^^-"v\ 

The proof of (|7.1U|) is similar to (|7.9j) . in this case noting that, if m > 2 

tier 

r If le tier Z"*^ 

5^(i)i^m < C / ^ — di<C lele — —di + C 

I XV ; ml - y i + |f|m - 1 + lfl^ 



1 \l/2/ 1 \l/2 

2ml ((l+t)2^?^) <C. 



then 



\s,{t)Kj\<c{i + ty 



1 

" 2 m 



□ 



Remark 7.7 When m = 2, we have that |^|/(1 + l^p) E'^{M), however (TT^ is valid for 
p = oo, m = 2, (see 121] Lemma 4-2) for more details. 

Lemma 7.8 Let Gm{x,t) the fundamental solution of the generalized heat equation US. 8\) . Then, 
for all p £ [0, oo], 



(7.13) 



\\Sit)Km-G^{t)\\ <Ct 



(7.14) 



\d4S{t)K^-Gm{t))\\<Ct 
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Proof.-For the proof we use the same argument to that of Lemma 17.61 we omit the details. □ 

Remark 7.9 When p = 2, nothing that j?. is a consequence from the Theorem \2.4[ indeed, 
if vq{x) = Km{x), and as f Km{x)dx = 1, whit N = 0, we obtain the firs term in the asymptotic 
expansion i.e. 

\\S{t)Kra-Gm{t)\\^<t-^-^ , 

Then as consequence of Lemmas 17.61 and 17.81 we have the following Corollary: 

Corollary 7.10 Let v{x,t) be the solution to \2.'-^) . Then there exists a constat C > such 
that for all p G [0, oo] and q> m + 1, 

(7.15) \\SS-r)Kr^*v\T)\\ <C{ ' I 

y [t — T) p'T rn ^ 

and 

(7.16) \\d4S{t-T)K„,-Gm{t-T))*v\T)\\ <C{ i _^ 

\ (t — t) ™- P' ™-T m ^ 

for allt>0, T £ (0,t). 

Proof.-By interpolation it follows that 

\\v{t)\\p < C(l + t)"™^^~p\ Vpe [2,oo]. 
And rememberig that ||'y2:(i)||2 — + t)^^^"^- 

These inequalities combined with Lemmas ()7.6() and 1)7. 8() provide the proof of Corollarv I7.1U1 
□ 

Proof of the Theorem 12.41 We skip the proof of this Theorem because this differs from those 
Karch j23j in a few technical details, only. 
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